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Plane change maneuvers are very costly in terms of propellant required. Performing a plane change can quickly drain a spacecrafts propellant required. The utilization of a multimode propulsion (MMP) system could greatly reduce the amount of propellant required for the maneuver. MMP refers to a propulsion system that couples an electric and chemical propulsion system which utilize the same propellant and piping 1 . A fully coupled system provides many advantages over a spacecraft with a single chemical or electric propulsion system 2, 3 . The trade space created by the utilization of a MMP system as compared with only a chemical or electric propulsion system is described as well as the effect of various thrust profiles on a plane change mission. The spacecraft analyzed had a mass of 180 kg and was required to perform a 15 deg plane change within 90 days 4 . The chemical system alone required more than the 80 kg of available propellant to complete the maneuver. Numerous thrust profiles were analyzed for the electric propulsion system, as well as a combined electric/chemical system. Development of equations and the analysis method are described. The electric propulsion system thrusting constantly was able to achieve the plane change within the time limit. = rotation matrix about x-axis R 3 = rotation matrix about z-axis t burn = thrust burn time [ 
I. Introduction
The spacecraft initially had a mass of 180 kg with 80 kg available for propellant. The spacecraft was located in a circular orbit at an altitude of 500 km. The destination orbit was circular with an altitude of 500 km and Distribution A: Approved for Public Release. 2 inclination of 15 deg. The plane change needed to be completed in less than 90 days. The thrust vector direction was calculated such that the transfer orbit remained essentially circular. The initial orbit and the final orbit with an inclination of 15 deg are depicted in Figure 1 in the Geocentric Equatorial reference frame. Figure 1 shows a scaled version of the initial and final orbit in the Geocentric-Equatorial reference frame and the two crossover points that occur. The electric propulsion system was modeled initially to thrust at the intersection (crossover) locations. The crossover point was where the chemical propulsion system performed the impulsive burn.
A rough schematic of a multi-mode propulsion (MMP) system is shown in Figure 2 .
Figure 1. Geocentric Equatorial Reference Frame
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As shown in Figure 2 , the MMP system modeled utilized hydrazine. The chemical propulsion system had a specific impulse of 235 sec and a thrust of 22 N. The electric propulsion system had a specific impulse of 600 sec and a thrust of 0.11 N. The mass of the propulsion system was not specifically modeled. The spacecraft was treated as a dry mass of 100 kg that contained all spacecraft components. The propellant limit of 80 kg was treated as the maximum amount of propellant available for the plane change maneuver. The maneuver which would achieve the plane change with the least propellant necessary was considered optimal.
II. Development of Equations
The position and velocity could not be treated as the magnitude of those values for a plane change maneuver. The velocity vector of the spacecraft was broken into a transverse and a radial component 4, 5, 6, 7 . The chemical propulsion system could perform an impulsive maneuver which is also called a cranking maneuver. The change in velocity required is represented in the following equation,
Eq. (1), is intended for a large impulse, which excludes an electric propulsion transfer. The resulting delta v from this equation was used as if it were applicable for an electric propulsion system to compare the resulting propellant mass with more exact calculations.
The equation used to calculate the propellant required based on delta v is:
Eq. (2), resulted in 103.99 kg of propellant required which exceeded the propellant available for the maneuver. Utilizing this same equation for an electric propulsion system resulted in 51.52 kg of propellant required due to the higher specific impulse. The electric propulsion system utilized a different equation for the calculation of the propellant mass which did not include the change in velocity term. The electric propulsion system calculated the change in velocity as depicted in Eq. (7) . ( 3 ) Eq. (7) was derived from the commonly used equation for mass flow rate. The electric propulsion system was modeled by transferring the spacecraft position and velocity vector between the Perifocal and the GeocentricEquatorial reference frame. The position and velocity vectors were transferred into the Geocentric-Equatorial reference frame through the use of the following rotation matrices 3 .
The same process was used to transform the velocity vector. The direction of the necessary velocity vector may be calculated from this new form of the velocity vector.
The velocity vector was made non-dimensional with the Eq. (6),
The straight brackets in Eq. (6) represent the magnitude of the vector. The change in velocity depends on the specific impulse, gravity, and the change in mass due to thrusting as shown in Eq. (7) 5 . Δ
In the Eq. (7), m init refers to the mass of the spacecraft prior to the burn and m final to the mass of the spacecraft after the burn. The change in velocity vector was calculated as shown in Eq. (8).
Eq. (8) was used to update the spacecraft's position and velocity vector and substituted into Eq. (9).
These equations were used to update the position and velocity vector.
III. Results
Several analysis methods were applied to compare the difference in trip time and required propellant mass that resulted from incrementally verses instantaneously updating the change in velocity and position of the spacecraft. The second part of the analysis compared various thrust durations for the electric propulsion system with the chemical propulsion system performing the remainder of the plane change when the time constraint was reached.
The change in velocity required by the chemical system resulted in a delta v of 1987.31 m/s with 103.99 kg of propellant. The electric propulsion system was analyzed with several different thrust schemes and analysis techniques. The first method was to treat the change in velocity over a period of time as though it had an instantaneous effect on the velocity of the spacecraft. That method of analysis was compared with updating the spacecraft's position and velocity vector every minute for a period of 15 min beginning at the crossover point, as well as centered on the crossover point and updated every few seconds. The final electric propulsion thrust method analyzed was for the electric propulsion system to thrust continuously. Distribution A: Approved for Public Release. 5
Using these analysis techniques the spacecraft was able to reach the necessary 15 deg plane change within the time constraint for some of the thrust profiles. The results for all these methods and additional trade studies are described in Table 1 through Table 3 and the following sections. The transfer orbit for all the electric propulsion thrust profiles had the same general flight profile shown in Figure 3 . Figure 3 depicts an electric propulsion transfer orbit. The thrust vector between the transfer orbit and the final orbit were calculated each orbit prior to applying the increase in velocity from the electric propulsion system. Doing this caused the transfer orbit to change inclination slightly, but not change the other orbital parameters. The crossover points were the same for each orbit during the transfer orbit.
A. Single Burn Profile
The position and velocity of the spacecraft during the transfer orbit were updated instantaneously, incrementally, and continuously. The instantaneous change in position was the least realistic of all the orbit transfers modeled. The location of the instantaneous thrust implementation may be seen in Figure 4 . The red square in Figure 4 represents the location where the change in velocity from the 15 min thrust was applied. The effect of the change in velocity on the position and velocity vector were applied instantaneously at the crossover point. When viewed from the top down the orbits appear circular; the elliptical look resulted from the axis of the plot. One 15 min burn achieved about half the desired plane change. This analysis method was compared against two other orbit updating techniques described next.
The thrust profile depicted in Figure 5 involved the transfer spacecraft thrusting each orbit beginning at the crossover point and lasting for 15 min. The spacecrafts position and velocity vector were updated continuously during the thrust portion. The results for this thrust profile are shown in Table 1 . A slight variation on this thrust profile is shown in Figure 6 . Figure 6 shows the thrust location for a 15 min duration segment over the crossover point. Centering the thrust on the crossover point resulted in a more optimal thrust location with less propellant and a larger inclination angle achieved.
As seen in Table 1 the largest plane change resulted from the instantaneous burn but this method was also the least accurate. Updating the spacecraft position and velocity vector continuously resulted in a slower transfer. Having the thrust location centered on the crossover point resulted in a more optimal transfer than having the thrust begin at the crossover point.
B. Two Burns
The spacecraft was able to achieve the plane change faster through centering the thrust segments on the crossover points. The thrust durations at the crossover points were varied. If the electric propulsion system was unable to achieve the 15 deg plane change the chemical propulsion system performed the remainder of the mission. Two analysis techniques were also modeled, one which updated the position and velocity vector continuously and one that assumed smaller "instantaneous" changes in position and velocity. Figure 7 shows where the thrust was located for the "instantaneous" impulse cases. 
Figure 6. One Burn Centered at Crossover Point
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The transfer orbit in Figure 7 with two instantaneous 15 min burns achieved a much larger plane change than the single burn in Figure 4 . The total change in the position and velocity vector were applied at the thrust location. The transfer orbit, as seen in Figure 7 , was 2 deg short of the 15 deg plane change. The results for this thrust profile are shown in Table 2 .
The combined system profile initially utilized electric thrust with two instantaneous 15 min burns then utilized chemical thrust to complete the maneuver. This thrust profile was able to reach the final orbit in the 90 day time limit. This coupling made the final orbit achievable. The results for this thrust profile are shown in Table 2 . As seen in Table 2 the instantaneous burn method over-predicted the plane change amount and under-predicted the required propellant. The final thrust profiles that were modeled are the same as those from Figure 5 and Figure 6 except that the burns occurred at each crossover point. The thrust durations were varied from thrusting for 8 min at each crossover point to thrusting continuously.
The top plot in Figure 9 represented the plane change that was achieved by the use of only the electric propulsion system when the mission time was reached with the two different thrust profiles. The bottom plot represents the combined system with the chemical system performing the remainder of the plane change. The propellant mass in the bottom plot represents a combination of the electric and chemical propellant required to complete the 15 deg plane change. As can be seen from Figure 9 , thrust beginning at the crossover point resulted in a longer transfer time and larger propellant required than when the thrust was centered on the crossover point. Thrust duration and required propellant had a direct correlation. Increased thrust duration resulted in increased trip time. This relationship may be seen in Figure 10 . The combined system shown in Figure 11 represented a system where the electric propulsion system utilized the majority of the mission time to perform the plane change maneuver and the chemical system performed the remainder of the plane change. The red box in the lower left corner of Figure 10 represents the portion of the different thrust duration profiles which would be able to achieve the 15 deg plane change in the time and propellant constraint. As the thrust duration decreased the trip time increased and the propellant mass decreased. The required propellant decreased the most for the longer duration thrust profile. The time required also decreased substantially with the increase in thrust duration per orbit. The propellant mass decreased slightly but after a time of about 110 days the propellant mass savings was minimal. Figure 11 displays the relationship of the thrust duration for a 15 deg plane change in a 90 day time constraint.
The minimum propellant required for a 15 deg plane change in the time constraint was achieved by thrusting at each crossover point for around 18 min. Thrusting for 18 min resulted in 54.66 kg of propellant. The propellant mass required decreased as the thrust duration decreased until 18 min. This was caused by the plane change not being able to be completed entirely by the electric propulsion system. The assist of the chemical propulsion system caused the sharp increase in propellant required. If the maximum trip time were increased the minimum propellant point in Figure 11 would continue to move down and to the left. As can be seen from Figure 12 , the trip time greatly increased as the thrust duration decreased. The variance in time was much smaller for smaller plane change angles. The difference in time ranges from around 22 days for a 2 deg inclination change to around 150 days for a 15 deg plane change.
As seen from Figure 13 the curves representing the propellant mass with respect to thrust duration were very uniform. The spacing between the lines decreased slightly as the plane change increased. For each of the plane change amounts the propellant mass savings through longer thrust durations had a smaller payoff. The slope of all the trend lines flattened out until the mass savings was less than around 0.1 kg.
Each plane change amount resulted in similar trends for the change in propellant with respect to the thrust duration. The 15 deg plane change is represented in the following figures. The thrust duration that resulted in the least required propellant was an 18 min thrust duration centered at each crossover point. The propellant required decreased as the thrust duration decreased. The 15 min thrust duration required more propellant than the 18 min thrust duration because the electric system alone was unable to achieve the plane change within the time constraint. The utilization of the chemical propulsion system to achieve the plane change within the time constraint caused the required propellant to increase. 
IV. Conclusion
Using simplifying assumptions resulted in an under prediction of the trip time and propellant mass required for the maneuver. The location of the thrust for the electric propulsion segment had a large effect on the amount of propellant required. The larger the trip time constraint the lower the propellant required to perform the maneuver. The fastest the MMP system would be able to perform the mission within the mass constraint was in 37 days. The electric propulsion system required half the propellant of the chemical propulsion system to perform the plane change. Plane change missions are very costly, but using optimal thrust profiles results in a drastic reduction in propellant required.
